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Topological Data Analysis

Data

Features Shape
Compute the topological features of 

the retrieved shape

Exploit the extracted features 
to describe, characterize,   

and discriminate data
Associate a topological 
structure to a dataset



Kernels for Persistent Homology

Goal:

Today, we address one main question:


✦ Is this information immediately suitable for statistics and machine learning?

Topological Data Analysis allows for assigning to (almost) any dataset a collection of 
features representing a topological summary of the input data

FeaturesData



Kernels for Persistent Homology
A Naive Example:

Mean of persistence diagrams is not unique
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Kernels for Persistent Homology
Adopted Strategy:

Represent persistence diagrams as elements of a Hilbert space



Kernels for Persistent Homology

Definitions:

A Hilbert space H is 

a real or complex vector space endowed with an inner product  


⟨ . , . ⟩: H × H → ℝ such that, with respect to the distance induced by ⟨ . , . ⟩, 

H is a complete metric space


Recall that, a metric space H is called complete if


every Cauchy sequence in H converges in H



Kernels for Persistent Homology
Example:

The space L2 of square-integrable functions on ℝ2 is a Hilbert space


✦  


✦  hf, giL2 :=

Z

R2

f · g dµ

kfkL2 :=

✓Z

R2

|f |2dµ
◆ 1

2

< +1



Definition:

Kernels for Persistent Homology

A kernel k for an input space Ω is a map k: Ω × Ω ⟶ ℝ such that 


there exist a Hilbert space H and a feature map 𝜙: Ω ⟶ H for which 


k(X, Y) = ⟨ 𝜙(X) , 𝜙(Y) ⟩

Ω × Ω ℝ

H × H

k

𝜙 × 𝜙
⟨ . , . ⟩

Kernel Trick:



Kernels for Persistent Homology

A kernel k: Ω × Ω ⟶ ℝ implicitly induces on Ω 


a pseudo-distance dk: Ω × Ω ⟶ ℝ defined, for each X, Y ∈ Ω, as


A kernel k: Ω × Ω ⟶ ℝ is stable w.r.t a distance d in Ω 

if there is a constant C > 0 such that, for all X, Y ∈ Ω, 

Pseudo-Distance:

Stability:

dk(X,Y ) := k�(X)� �(Y )kH =
⇣
k(X,X) + k(Y, Y )� 2k(X,Y )

⌘1/2

<latexit sha1_base64="D1LAinHbQXlvSEqHj+RpZGf6hXQ="></latexit>

dk(X,Y )  C · d(X,Y )

<latexit sha1_base64="StqnekUmw+rBk+hNKxwQxEXzXRw=">AAACEnicbVDLSgNBEJyNrxhfqx4FGQxCBAm7ElBvwVw8RjAPSZZldrYTh8w+nOkVQsjNT/ArvOrJm3j1Bzz4L27WHDSxTkVVN91VXiyFRsv6NHILi0vLK/nVwtr6xuaWub3T1FGiODR4JCPV9pgGKUJooEAJ7VgBCzwJLW9Qm/ite1BaROE1DmNwAtYPRU9whqnkmvu+Oyi1j+nNEe1KuKM12uV+hNT/EV2zaJWtDHSe2FNSJFPUXfOr60c8CSBELpnWHduK0RkxhYJLGBe6iYaY8QHrQyelIQtAO6Msx5geJpphRGNQVEiaifB7Y8QCrYeBl04GDG/1rDcR//M6CfbOnJEI4wQh5JNDKCRkhzRXIi0IqC8UILLJ50BFSDlTDBGUoIzzVEzSxgppH/Zs+nnSPCnblfL5VaVYvZg2kyd75ICUiE1OSZVckjppEE4eyBN5Ji/Go/FqvBnvP6M5Y7qzS/7A+PgGXcia/Q==</latexit>



Kernels for Persistent Homology
Our Goal:

Defining a kernel for the set Ω of finite persistence diagrams:


✦ Stable


✦ Easy to be computed


✦ Possible endowed with an explicit feature map 𝜙: Ω ⟶ H

The idea of a kernel for persistence diagrams has


✦ Originally born in the ‘90s (see [Donatini et al. 1998; Ferri et al. 1998]) 


✦ Spread in the literature and widely adopted in applications just recently



Kernels for Persistent Homology

2015 2018

Scale-Space Kernel 
Reininghaus et al.

20172016

Persistence Images 
Adams et al.

Weighted Gaussian Kernel 
Kusano et al.

Sliced Wasserstein Kernel 
Carrière et al.

Persistence Landscapes 
Bubenik
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Kernels for Persistent Homology

Sliced Wasserstein Kernel 
Carrière et al.
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Kernels for Persistent Homology

Sliced Wasserstein Kernel 
Carrière et al.kSW (D,E) := exp

✓
�dSW (D,E)

2�2

◆

<latexit sha1_base64="+bIXFu2ZsSmeKgIrQN68kPp9PrI="></latexit>
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Kernels for Persistent Homology

Given a finite persistence diagram D, we consider the solution                              
𝜙 : 𝛥+ × ℝ≥0 ⟶ ℝ of the following heat diffusion problem:


✦ having a Dirichlet boundary condition on the diagonal


✦ setting as an initial condition a sum of Dirac deltas

∆p 𝜙 = 𝝏𝜎 𝜙 in 𝛥+ × ℝ>0

on 𝝏𝛥+ × ℝ≥0

on 𝛥+ × {0}

𝜙 = 0 

𝜙 = 𝛴q∈D 𝛅q

8
><

>:

Scale-Space Kernel:
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Solution:

Kernels for Persistent Homology

A solution is found by: 


✦ extending 𝛥+ to ℝ2 


✦ replacing the initial condition with

on ℝ2 × {0}𝜙 = 𝛴q∈D 𝛅q - 𝛅q’

where, if q=(a,b), then q’=(b,a) 

��(p) =
1

4⇡�

X

q2D

⇣
exp

�
� kp� qk2

4�

�
� exp

�
� kp� q0k2

4�

�⌘

Scale-Space Kernel:



Kernels for Persistent Homology

Given two finite persistence diagrams D, E, we have that


where, for r ≥ 1, the r-Wasserstein distance is defined as 


with 𝜸 running over all bijections from D to E

Scale-Space Kernel:

Stability Theorem:

k��(D)� ��(E)kL2  1

2
p
⇡�

dW,1(D,E)

<latexit sha1_base64="f8dieP+0tfNitoEmigSYnNGsq7E="></latexit>

dW,r(D,E) :=
⇣
inf
�

X

p2D

kp� �(p)kr1
⌘1/r

<latexit sha1_base64="QXObv4j2E8XPs101gIlPUh1VGUM="></latexit>



Kernels for Persistent Homology

 A kernel k for the set Ω of finite persistence diagrams is called:


✦ additive if, for all D, E, F ∈ Ω, k(D ∪ E, F) = k(D, F) + k(E, F)


✦ trivial if, for all D, E ∈ Ω, k(D, E) = 0

Definitions:

Any non-trivial additive kernel k for the set Ω 

is not stable with respect to dW, r for any 1 < r ≤ ∞ 


( Notice that dW, ∞ = dB )

Theorem:



Kernels for Persistent Homology
Sliced Wasserstein Kernel:

A standard way to construct a kernel is to exponentiate the negative of an Euclidean distance

k�(X,Y ) := exp

✓
�kX � Y k2

2�2

◆

<latexit sha1_base64="ahqdMmrrv2HrOfUZzAgUdQr4Om4="></latexit>

Theorem:

k�(X,Y ) := exp

✓
�f(X,Y )

2�2

◆

<latexit sha1_base64="7Peu5bQnkMQ74F5Zy7FUBTobiBE="></latexit>

defines a valid kernel for all 𝜎 > 0 if and only if f is conditionally negative definite function


I.e., for any n ∈ ℕ, for any X1 , … , Xn ∈ Ω, and for any a1 , … , an ∈ ℝ such that 𝛴i ai = 0, 


one has 𝛴i, j ai aj  f ( Xi , Xj  ) ≤ 0 



Issue:

Kernels for Persistent Homology
Sliced Wasserstein Kernel:

None of the already introduced distances (and neither their squares)                                         
between persistence diagrams is conditionally negative definite

Solution:

The Sliced Wasserstein distance dSW is specifically designed to be 
conditionally negative definite 


Based on it, one can define the Sliced Wasserstein kernel kSW as

kSW (D,E) := exp

✓
�dSW (D,E)

2�2

◆
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